Worksheet # 22: Antiderivatives & Areas and Distances

An Interesting Fact: Antiderivatives, areas, and distances are fundamental in physics and mathematics.
Pierre-Simon Laplace published Mécanique Céleste in five volumes between 1798 and 1825, and this is
generally considered the next major work on gravitational mathematics and celestial mechanics after
Newton’s Principia. Eager to have a version in English, the Society for the Diffusion of Useful Knowledge
commissioned a translated and expanded version from Mary Somerville, a famous Scottish mathematician
and astronomer, which was published in 1831 under the title The Mechanism of the Heavens. In part due
to the phenomenal success of her translation and extensions of the work of Laplace, in 1835 Somerville was
one of the first two women (jointly with Caroline Herschel) to become a member of the Royal Astronomical
Society.

1. Comprehension Check:
(a) If F is an antiderivative of a continuous function f, is F' continuous? What if f is not continuous?
(b) Let g(z) = %3 + 1. Find ¢'(z). Now give two antiderivatives of ¢'(z).
(c) Let h(xz) = 22 + 1, and let H(x) be any antiderivative of h. What is H'(x)?

2. Find the most general antiderivative of the function f(z) =2% -3z +2— 2.

3. Find f given that
f'(z) = sin(x) — sec(x) tan(z), f(m) =1.

4. Find g given that

On the surface of the earth, the acceleration of an object due to gravity is approximately —9.8 m/s%.
What situation could we describe using the function g7 Be sure to specify what g and its first two
derivatives represent.

5. The velocity of a train at several times is shown in the table below. Assume that the velocity changes
linearly between each time given.

t=time in minutes 0 3 6 9
v(t)=velocity in Km/h || 20 | 80 | 100 | 140

(a) Plot the velocity of the train versus time.



(b) Compute the left and right-endpoint approximations to the area under the graph of v.
(c) Explain why these approximate areas are also an approximation to the distance that the train
travels.

6. Let f(z) = % Divide the interval [1, 3] into five subintervals of equal length and compute L5 and Rs,
the left and right endpoint approximations to the area under the graph of f in the interval [1,3]. Is
R5 larger or smaller than the true area? Is Ls larger or smaller than the true area?

7. Let f(z) = v/1 — 22. Divide the interval [0, 1] into four equal subintervals and compute Ly and Ry, the
left and right-endpoint approximations to the area under the graph of f. Is R, larger or smaller than
the true area? Is L4 larger or smaller than the true area? What can you conclude about the value 77

8. Write each of following in summation notation:

(a) 1+243+44+5+6+7+8+9+10
(b) 244+6+8+10+12+ 14
(¢) 2+4+8+ 16+ 32+ 64+ 128.
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9. Compute Z Z(z +7)

i=1 \j=1
10. Let f(x) = 22

(a) If we divide the interval [0, 2] into n equal intervals of equal length, how long is each interval?

(b) Write a sum which gives the right-endpoint approximation R,, to the the area under the graph of
fon [0,2].
(¢) Use one of the formulae for the sums of powers of k to find a closed form expression for R,,.

(d) Take the limit of R,, as n tends to infinity to find an exact value for the area.
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11. Find constants ¢1 and cz such that F(z) = cize® 4 c2e” is an antiderivative of f(z) = ze®.

12. Compute the following indefinite integrals (Don’t forget the constant C):
1—z?
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(c) / 1458 ds
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13. Compute each of the following summations:
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(a) Y (2i—3)

i=1

(b) Zz ;1
(© > 25°
5 6
(@ > <Z(i2 - 2j)>

14. Let g(x) = sin®(#). Divide the interval [0,27] into 8 equal subintervals and compute Lg and Rs, the left and
right-endpoint approximations under the graph of g.

15. Let h(z) = 22° + =.
(a
(b
(c
(d

If we divide the interval [0, 4] into n equal subintervals, how long is each interval?
Write a sum which gives the right-endpoint approximation R, to the area under the graph of h on [0,4].

Find a closed form for the expression R, using summation formulae.
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Take the limit of R,, as n tends to infinity to find an exact value for the area.



